Theoretical aspects of neutrino physics are reviewed, with emphasis on possible explanations of the smallness of neutrino masses and of the peculiar mixing pattern observed in the lepton sector. Some theoretically motivated frameworks, such as those based on spontaneously broken discrete flavour symmetries, are discussed, stressing the importance of low-energy observables, like anomalous magnetic moments, electric dipole moments and lepton flavour violating transitions, to test further features of these models.
Introduction
Most of our current knowledge of neutrino properties comes from the study of neutrino propagation over macroscopic distances, ranging from several hundred meters to astronomical distances. The experiments have exploited neutrinos coming from four independent sources: stars, cosmic rays, reactors and particle accelerators, thus requiring a fruitful interplay among different branches of science. The observed anomalies with respect to the neutrino properties predicted by the Glashow-WeinbergSalam Standard Model (SM) have found the simplest possible interpretation: to a very good degree of accuracy neutrinos propagate as a set of three massive neutral fermions, with a peculiar pattern of mixing angles between mass and interaction eigenstates. Such a solution is supported by data spanning more than twelve orders of magnitude in the relevant variable, L/E. This important result can be encoded in a Lorentz invariant Lagrangian of the type
where L SM is the SM Lagrangian possessing the three global, non-anomalous, conserved quantum numbers B/3 − L i , (i = e, µ, τ ), while δL(m ν ) is an additional term that describes neutrino masses, provides the first and up to now only evidence for physics beyond the SM and breaks the three SM global charges with the possible exception of B − L 1) . Dots stand for a collection of additional operators, related to other possible small effects such as neutrino decay, decoherence, spin flavour precession, non-standard neutrino interactions, mass varying neutrinos and so on, giving negligible contribution to neutrino propagation in current experiments. We recall that δL(m ν ) should describe the following data 2) : 
An orthodox viewpoint
Despite all the recent experimental progress, the nature of δL(m ν ) is still unknown. Perhaps, in the energy range presently explored, the best candidate for the new term is the leading non-renormalizable SU(2)×U(1) invariant operator. To identify such operator, it is useful to think to particle interactions as described by a Lagrangian where the SM contribution, L SM , represents the first term of an expansion in inverse powers of a cut-off scale Λ:
While there are more than 80 independent dimension six operators in this expansion, there is a unique, up to flavor combination, dimension five operator 3) :
where Y is a 3 × 3 complex symmetric matrix. This operator provides neutrinos with a Majorana mass that is parametrically suppressed, with respect to the other fermion masses, by a factor v/Λ, v ≈ 246 GeV being the electroweak scale. This allows us to interpret the smallness of neutrino masses in terms of the relative largeness of the cut-off scale Λ. A simple dimensional estimate suggests Λ around 10 15 GeV 4) , not very far from the grand unified theory (GUT) scale, whose relevance is independently supported by gauge coupling unification and by considerations concerning matter stability. If a new physical threshold around the GUT scale exists, neutrinos might offer a unique opportunity to explore an otherwise unaccessible energy domain. It is also a remarkable fact that, on the basis of the operator expansion in eq. (3), the first effect of new physics could have been expected in the neutrino sector, where it was actually found! Several theoretical considerations support this picture. First of all L 5 violates B−L by two units and such a violation is welcome. Indeed all other global symmetries of the SM are violated and B − L is violated in many realistic GUTs. Moreover, global quantum numbers such as B − L are expected to be violated at least at the Planck scale by quantum gravity effects. The violation of B − L is also crucial in baryogenesis, if the generation of the baryon asymmetry occurs at temperatures above the electroweak scale, where SM B − L conserving sphaleron interactions can erase any B + L asymmetry. Many GUTs contain additional SM-singlet fermions, like the right-handed neutrinos ν c . Heavy ν c exchange produces a specific version of L 5 , through the see-saw mechanism 5) :
The see-saw mechanism can enhance small mixing angles in M and y ν into the large mixing angles observed in neutrino oscillation. Moreover, the out-of-equilibrium, CP and B − L violating decay of right-handed neutrinos might offer a viable mechanism for generating the existing baryon asymmetry in the universe 6) . Thus, from a theoretical viewpoint, L 5 /Λ is probably the best candidate for δL(m ν ), although a direct experimental evidence of it is lacking so far. 
Tests of
where α and β are the two Majorana phases, not observable in neutrino oscillations. By using eq. (6) and by exploiting the present knowledge of neutrino masses and mixing angles, eqs. (2), it is possible to predict the range of |m ee | as a function of the lightest neutrino mass, see fig. 1 . A positive signal would allow to test B − L violation and the absolute neutrino mass spectrum at the same time 8) . At present data set an upper bound at 90% C.L. on |m ee | in the approximate range 0.2 ÷ 1 eV 9) , with a large uncertainty coming from poorly known nuclear matrix elements 2, 8) .
There is also a claim of a positive signal in the same range from the data of the Heidelberg-Moscow collaboration 10) . The expected sensitivity in |m ee | of the best forthcoming experiments is close to 0.01 eV. Such a level would allow to completely test the case of inverted hierarchy in the neutrino mass spectrum. For an hierarchy of normal type unfortunately |m ee | can be much smaller than 0.01 eV. Establishing the violation of B − L and constraining the absolute neutrino mass spectrum through 0νββ decay would represent a major step in the field and any experimental effort aimed at improving the present sensitivity on |m ee | must be considered of the greatest importance.
Low-energy tests of the neutrino mixing pattern
Without any further assumption it is difficult to think of additional tests of the physics related to δL(m ν ). It is true that several important quantities such as the value of θ 13 , the neutrino mass ordering, the CP violating phases and the absolute neutrino mass scale are still unknown. Their knowledge could add important restrictions on the fundamental theory giving rise to δL(m ν ). Moreover, if the low-energy limit of the theory is correctly described by the expansion (3), we also expect proton decay to occur. Its discovery and a detailed knowledge of its decay channels would provide a wealth of important new constraints. Nevertheless, even the simplest possible high-energy completion that can produce a viable δL(m ν ), namely the (type I) see-saw mechanism recalled above, is not easily testable. Indeed the theory that includes three right-handed neutrinos ν c depends on 18 parameters in the neutrino sector alone: six masses, six mixing angles and six phases, the double of those entering the low-energy description through the operator L 5 /Λ.
Tests of flavour symmetries
A very interesting framework arises if the fundamental theory possesses some flavour symmetry, with a relevant scale of the order of the cut-off Λ. Indeed this is suggested by the closeness of the observed lepton mixing to the so-called tri-bimaximal (TB) mixing pattern 11) :
Such a pattern can be successfully reproduced in models with spontaneously broken flavour symmetries and special vacuum alignment properties 12, 13, 14) . In these models the flavour symmetry group G f , which will be specified later on, is spontaneously broken by a set of adimensional small parameters Φ , interpreted as ratios between vacuum expectation values (VEVs) of flavon scalar fields ϕ, transforming non-trivially under G f , and the cut-off scale Λ. The consistency of this picture requires that | Φ | ≪ 1. In this scenario, the Yukawa couplings y f (f = l, u, d) of the SM and the matrix Y in L 5 become functions of Φ :
so that, by treating Φ as spurions transforming under G f as the corresponding parent scalar fields, the whole theory is formally invariant under G f . Under the assumption that | Φ | ≪ 1, the functions y f and Y can be expanded in powers of Φ and only a limited number of terms gives a non-negligible contribution. Even when G f and Φ are completely specified, as in the case we are going to discuss, if Λ is much larger than the electroweak scale, we can test G f only at the level of the fermion masses and mixing angles. Instead it would be highly desirable to find evidence of the flavour symmetry in other types of processes. Such a possibility becomes realistic if there is new physics at a much closer energy scale M, around 1 ÷ 10 TeV. Indeed we have several indications, both from the experimental and from the theory point of view, that this can be the case. For instance, the observed discrepancy in the anomalous muon magnetic moment, the overwhelming evidence of dark matter, the evolution of the gauge coupling constants towards a common high-energy value and the solution of the hierarchy problem can all benefit from the existence of new particles around the TeV scale.
If such a new scale exists, in an effective field theory approach the dominant physical effects of the new particles at low energies can be described by dimension six operators, suppressed by two powers of the new mass scale M and explicitly conserving B and L, if we assume that the new degrees of freedom do not provide new sources of baryon and/or lepton number violation. If we focus on the lepton sector only, the leading terms of the relevant effective Lagrangian are:
where e is the electric charge, e c the set of SU (2) lepton singlets and F µν is the electromagnetic field strength a . The complex three by three matrix M, with indices in the flavour space, is a function of Φ :
The effective Lagrangian L ef f is invariant under G f , once we treat the symmetry breaking parameters as spurions. As a result, the same symmetry breaking parameters that control lepton masses and mixing angles also control the flavour pattern of the other operators in L ef f . Moreover the effects described by these operators are suppressed by 1/M 2 and not by inverse powers of the larger scale Λ and this opens the possibility that they might be observable in the future.
These effects are well-known 15) . In a field basis where the kinetic terms are canonical and the charged lepton mass matrix is diagonal (we denote by a hat the relevant matrices in this basis), the real and imaginary parts of the matrix elementŝ M ii are proportional to the anomalous magnetic moments (MDM) a i and to the electric dipole moments (EDM) d i of charged leptons, respectively:
The off-diagonal elementsM ij describe the amplitudes for the lepton flavour violating (LFV) transitions 16) µ → eγ, τ → µγ and τ → eγ:
where α is the fine structure constant, G F is the Fermi constant and m i is the mass of the lepton l i . Finally the four-fermion operators, together with the dipole operators controlled byM, describe other flavour violating processes like µ → eee, τ → µµµ, τ → eee.
A special flavour symmetry:
The framework described above finds its simplest realization in minimal flavour violation (MFV) 17, 18) , where the flavour symmetry group G f contains, in the lepton a Gauge invariance would allow F µν to be an arbitrary combination of B µν , the field strength of U(1), and σ a W a µν , the non-abelian field strength of SU (2) .
sector, SU(3) e c × SU (3) l , and where the dimensionless symmetry breaking parameters are the Yukawa couplings themselves. While such a choice has the advantage that it can accommodate any pattern of lepton masses and mixing angles, it does not provide any clue about the origin of the approximate TB pattern observed in the lepton mixing matrix U P M N S . For this reason, here we prefer to discuss the case
that has been especially tailored to approximately reproduce in a simple and economic way the TB mixing scheme 13) . The three factors in G f play different roles. The spontaneous breaking of the first one, A 4 , is directly responsible for the TB mixing. The Z 3 factor is a discrete version of the total lepton number and is needed in order to avoid large mixing effects between the flavons that give masses to the charged leptons and those giving masses to neutrinos. Finally, U(1) F N is responsible for the hierarchy among charged fermion masses. The flavour symmetry breaking sector of the model includes the scalar fields ϕ T , ϕ S , ξ and θ. The transformation properties of the lepton fields l, e c , µ c , τ c , of the electroweak scalar doublet H and of the flavon fields have been recalled in table 1. The following pattern of VEVs for the flavon fields
where u and t are the small symmetry breaking parameters of the theory, guarantees that the lepton mixing is approximately TB. It is possible to achieve this pattern of VEVs in a natural way, as the result of the minimization of the scalar potential 13) . The Yukawa couplings in eq. (8) are given by:
where y e , y µ , y τ , a and b are numbers of order one (a and b are proportional to the coefficients c a and c b of eq. (14)). At the leading order, neglecting the O(u 2 ) contributions, the mass matrix for the charged leptons is diagonal with the relative hierarchy described by the parameter t. To reproduce the correct hierarchy we will take |t| ≈ 0.05 .
In the same approximation, the neutrino mass matrix is diagonalized by the transformation:
where U T B is the unitary matrix of the TB mixing:
The O(u 2 ) contributions in eqs. (14), (15) and (16) give rise to corrections to the TB mixing of relative order u. The symmetry breaking parameter u should lie in the range 0.001 < |u| < 0.05 ,
the lower bound coming from the requirement that the Yukawa coupling of the τ does not exceed 4π, and the upper bound coming from the requirement that the higher order corrections, so far neglected, do not modify too much the leading TB mixing. Indeed, the inclusion of higher order corrections modifies all mixing angles by quantities of relative order u, especially we should keep the agreement between the predicted and measured values of the solar angle within few degrees. The unknown angle θ 13 is expected to be of order u, not far from the future aimed for experimental sensitivity 19) . Such a framework can also be extended to the quark sector 20) . Constraints from baryogenesis have been discussed in ref. 21) .
Results for the dipole moments and for the lepton flavour transitions
We can read off the observable quantities a i , d i and R ij from eqs. (11) and (12) after evaluating the matrix of dipole momentsM. Starting with the relevant set of invariant operators, after the breaking of the flavour and electroweak symmetries, and after moving to a basis with canonical kinetic terms and diagonal mass matrix for charged leptons, we find 22) :
where each matrix element is known only up to an unknown order one dimensionless coefficient. We can see that MDMs and EDMs arise at the first order in the parameter u. By assuming that the unknown coefficients have absolute values and phases of order one, we have:
We can derive a bound on the scale M, by considering the existing limits on MDMs and EDMs and by using eqs. (22) as exact equalities to fix the ambiguity of the unknown coefficients. We find the results shown in table 2. 23) and corresponding bounds on the scale M , derived from eq. (22) . The data on the τ lepton have not been reported since they are much less constraining. For the anomalous magnetic moment of the muon, δa µ stands for the deviation of the experimental central value from the SM expectation 24) .
From table 2 we see that, in order to accept values of M in the range 1 ÷ 10 TeV, we should invoke a cancellation in the imaginary part ofM ee , which can be either accidental or due to CP conservation in the considered sector of the theory. Concerning the flavour violating dipole transitions, from eq. (21) we see that the rate for l i → l j γ is dominated by the contributionM ij , sinceM ji is suppressed by a relative factor of O(t) for µ → eγ and τ → µγ and of O(t 2 ) for τ → eγ. We get:
where w ij are numbers of order one. As a consequence, the branching ratios of the three transitions µ → eγ, τ → µγ and τ → eγ should all be of the same order:
This is a distinctive feature of this class of models, since in most of the other existing models there is a substantial difference between the branching ratios. In particular it often occurs that BR(µ → eγ) < BR(τ → µγ) 15) . Given the present experimental bound BR(µ → eγ) < 1.2 × 10 −11 , eq. (24) implies that τ → µγ and τ → eγ have rates much below the present and expected future sensitivity b . Moreover, from the current (future) experimental limit on BR(µ → eγ) 25) and assuming |w µe | = 1, we derive the following bound on |u/M 2 |:
(25) Since the parameter |u| lies in the limited range of eq. (20), we find
This pushes the scale M considerably above the range we were initially interested in. In particular M is shifted above the region of interest for (g − 2) µ and for LHC.
Supersymmetric case
The off-diagonal elements of the dipole matrix M are all of order u 2 and they come from two independent sources. They can originate either from operators with a single insertion of the flavon ϕ T through the O(u 2 ) sub-leading corrections to its VEV, or from operators where double flavon insertions are considered. In this second case, the only combinations of flavon insertions that can provide a non-vanishing contribution are ξ † ϕ S and its conjugate. In a generic case we expect that both these terms are equally important and contribute at the same order to a given off-diagonal dipole transition. There is however a special case where the double flavon insertions of ξ † ϕ S and its conjugate are suppressed compared to the sub-leading corrections to ϕ T . This happens, under certain conditions, when the underlying theory is supersymmetric and supersymmetry is softly broken. We consider supersymmetry breaking originating in a hidden sector of the theory and transmitted to the observable sector via gravitational interactions, so that soft supersymmetry breaking terms with a typical mass scale of order m SU SY are generated. We also assume that in the underlying fundamental theory the only sources of chirality flip are either fermion masses or sfermion masses of left-right type. Both of them, up to the order u 2 , are dominated by the insertion of ϕ T or ϕ or ϕ 2 T . This restriction produces a cancellation in the elements below the diagonal of the matrixM. Starting from the set of invariant operators allowed by these considerations and moving to a basis with canonical kinetic terms and diagonal mass matrix for charged leptons, we obtain 22) :
The EDMs and MDMs are similar to those of the general non-supersymmetric case.
For the LFV transitions we get
where w (1,2) ij are unknown, order one coefficients. Notice that now the contribution fromM ij is suppressed by a factor of u compared to the non-supersymmetric case. In most of the allowed range of u, the branching ratios of µ → eγ and τ → µγ are similar and larger than the branching ratio of τ → eγ. Assuming |w (1, 2) µe | = 1, the present (future) experimental limit on BR(µ → eγ) implies the following bounds
We see that at variance with the non-supersymmetric case there is a range of permitted values of the parameter u for which the scale M can be sufficiently small to allow an explanation of the observed discrepancy in a µ , without conflicting with the present bound on µ → eγ. We can eliminate the dependence on the unknown scale M by combining eqs. (22) and (29). For µ → eγ we get:
wherew (1, 2) µe are unknown, order one coefficients. We plot BR(µ → eγ) versus |u| in fig. 2 , where the coefficientsw (1, 2) µe are kept fixed to 1 (darker region) or are random complex numbers with absolute values between zero and two (lighter region). The deviation of the anomalous magnetic moment of the muon from the SM prediction is in the interval of the experimentally allowed values, about three sigma away from zero. Even if the ignorance about the coefficientsw (1,2) µe does not allow us to derive a sharp limit on |u|, we see that the present limit on µ → eγ disfavors values of |u| larger than few percents. We recall that in this model the magnitudes of |u| and θ 13 are comparable.
Comparison with Minimal Flavour Violation
It is instructive to compare the previous results with those of the MFV 18) . If we restrict ourselves to the case where right-handed neutrinos do not affect the flavour properties of the theory, the flavour symmetry group of MFV is G f = SU(3) e c × SU(3) l × ..., where we have only displayed the part relevant to the lepton sector. Electroweak singlets e c and doublets l transform as (3, 1) and (1, 3) , respectively. The flavon fields or, better, their VEVs are the Yukawa couplings y l and Y themselves, transforming as (3, 3) and (1, 6) , respectively. By going to a basis where the charged leptons are diagonal, y l and Y can be expressed in terms of lepton masses and mixing angles (we keep using a notation where a hat denotes matrices in this particular basis):ŷ
where U is the lepton mixing matrix. The diagonal elements of the matrixM evaluated in MFV are analogous to those of the previous class of models and similar bounds on the scale M are derived from the existing data on MDMs and EDMs. The off-diagonal elements are given by:
where β is an overall coefficient of order one and the plus (minus) sign refers to the case of normal (inverted) hierarchy. We see that, due to the presence of the ratio Λ 2 /v 2 the overall scale of these matrix elements is much less constrained than in the previous case. This is due to the fact that MFV does not restrict the overall strength of the coupling constants Y , apart from the requirement that they remain in the perturbative regime. Very small or relatively large (but smaller than one) Y can be accommodated by adjusting the scale Λ. On the contrary this is not allowed in the case previously discussed where the size of the symmetry breaking effects is restricted to the small window (20) and the scale Λ is determined within a factor of about fifty. The conclusion is that in MFV the non-observation of l i → l j γ could be justified by choosing a small Λ, while a positive signal in µ → eγ with a branching ratio in the range 1.2 × 10 −11 ÷ 10 −13 could also be fitted by an appropriate Λ, apart from a small region of the θ 13 angle, around θ 13 ≈ 0.02 where a cancellation inM µe can take place.
The dependence on the scale Λ is eliminated by considering ratios of branching ratios. For instance:
where we took the TB ansatz, eq. (7), to fix θ 12 and θ 23 . We see that BR(µ → eγ) < BR(τ → µγ) always in MFV. Moreover, for θ 13 above approximately 0.07, BR(µ → eγ) < 1.2 × 10 −11 implies BR(τ → µγ) < 10 −9 . For θ 13 below 0.07, apart possibly from a small region around θ 13 ≈ 0.02, both the transitions µ → eγ and τ → µγ might be above the sensitivity of the future experiments.
Conclusion
It should be clear from the above considerations that a theory of neutrino masses does not exist today. We are still lacking a unifying principle that organizes the flavour sector of particle physics. In a sense the current situation resembles that of electroweak interactions before the advent of the Glashow-Weinberg-Salam electroweak theory. In the SM the pointlike Fermi interactions have been replaced by universal interactions with heavy gauge vector bosons, completely determined by the principle of gauge invariance in terms of only two gauge coupling constants. So far there is nothing comparable to the principle of gauge invariance in the flavour sector, where the interactions between fermions and spin zero particles require many free parameters and where our ignorance of the neutrino sector is probably best encoded in non-renormalizable interactions. We have several hints coming from data and they have supported ideas and prejudices such as the existence of an underlying, still to be discovered, flavour symmetry. Our hope is that new developments will be able to suggest how the flavour symmetry really acts, what is its symmetry breaking sector, what are the observable consequences and what is the interplay with more fundamental constructions like GUTs or string theory. We are of course aware that, especially
